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Abstract

In this paper we study left 3-Engel elements in groups. In particular, we prove that for any
prime p and any left 3-Engel element x of finite p-power order in a group G, x” is in the
Baer radical of G. Also it is proved that (x, y) is nilpotent of class at most 4 for every two left
3-Engel elements in a group G.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction and results

Let G be any group and n be a non-negative integer. For any two elements a and b
of G we define inductively [a,, b] the n-Engel commutator of the pair (a, b), as follows:

[aob] :=a, [a,b]l:=a 'b"'ab and [a,b]:=[[an_1b],b] for all n>0.

An element x of G is called a left n-Engel element if [g,,x] =1 for all g€ G. We
denote by L,(G), the set of all left n-Engel elements of G. So Lo(G)=1, Li(G)=Z(G)
the centre of G, and it can be easily seen that

Ly(G)={x€ G| (x)C is abelian},

where (x)¢ denotes the normal closure of x in G. Therefore Ly(G) is contained in
B(G) the Baer radical of G, and in particular it is contained in HP(G) the Hirsch—
Plotkin radical of G. In general for an arbitrary group K it is not necessary that
L,(K) C HP(K). Suppose, for a contradiction, that L,(K) C HP(K) for all n and all
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groups K. By a deep result of Ivanov [1], there is a finitely generated infinite group
M of exponent 2F for some positive integer k. Suppose that & is the least integer with
this property, so every finitely generated group of exponent dividing 2~ is finite. Let
a be any element of M of order 2 and x an arbitrary element of M. It is easy to see
that [x,, a] =[x, a](fz)mfl for all positive integers m. Thus every element of order 2 of
M is in L 1(M). So by hypothesis, M/HP(M) is of exponent dividing 2~! and so
it is finite. Since M is finitely generated, HP(G) is also. But this yields that HP(G)
is a periodic finitely generated nilpotent group and so it is finite. It follows that M is
finite, a contradiction.

Hence the question which naturally arises, is that: what is the least positive integer
n such that L,(G) &€ HP(G)? To study this question one should first study the case
n =73, since

Lo(G) CLI(G)C Ly(G)C - CL(G)C ---.

The main object of this paper is to study L3(G). As far as we know there is no
example of a group G for which L3(G) £ HP(G). The corresponding subset to L,(G)
which can be similarly defined, is R,(G) the set of all right n-Engel elements of
G: an element x of G is called a right n-Engel element if [x,,g] =1 for all g€ G.
There is a well-known relation between these two subsets of G due to Heineken [4,
Theorem 7.11]: (R,(G))~' C L,+1(G) for all integers n > 0. It is clear that Ro(G)=1,
R1(G)=Z(G) and by a result of Kappe [4, Corollary 1, Theorem 7.13], R,(G) is a
characteristic subgroup of G. It is known also that Ry(G) C L,(G) [4, Theorem 7.13(i)].
Recently Newell [3] has shown that the normal closure of every element of R3(G) is
nilpotent of class at most 3. This shows, of course, that R3(G) C B(G) < HP(G).
An early example was given by Macdonald [2] shows that the inverse and square of
a right 3-Engel element need not be right 3-Engel, thus R3(G) is not necessarily a
subgroup. But as we show in Corollary 2.2, L3(G) is closed under taking all powers.
It is interesting to note that (R3(G))* C L3(G) and (R3(G))* C R3(G) [3, Remark to
Theorem 1].
The main results of this paper are the followings.

Theorem 1.1. Let G be a group and p be a prime number. If x € L3(G) and x?" =1
for some integer n > 1, then (x?)¢ is soluble of derived length at most n — 1 and
x? belongs to B(G), the Baer radical of G. In particular, x? belongs to HP(G), the
Hirsch—Plotkin radical of G.

Theorem 1.2. Let G be any group and a,b € L3(G). Then {(a,b) is nilpotent of class
at most 4.

2. Proofs

Lemma 2.1. Suppose that G is an arbitrary group and x,y € G. Then [ysx] =
[y~'3x]1=1 if and only if (x,x”) is nilpotent of class at most 2.
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Proof. Since
. _ _ _ & X3
[BARE T B o P i | [

where ¢ € {—1,1}, we have
ax] =0y 'sx]=1

& L Lyl =L Ly =1

-y —y!
[x™ ,x_']:[x_x ,x_l]zl

=

S Vax = ax =1

o [k Pox =Kx"lx]=1

& (x7Lx7Y) = (x,x”) is nilpotent of class at most 2. [J

So we have the following characterization of left 3-Engel elements in a group. We
denote by .47, the class of nilpotent groups of class at most 2.

Corollary 2.2. For an arbitrary group G,
Ly(G)={xeG|{x,x") e Ny for all y€G}.

In particular every power of a left 3-Engel element is also a left 3-Engel element.

Proposition 2.3. A group generated by a set of left 3-Engel elements of finite orders
such that their orders are pairwise coprime is abelian.

Proof. It is enough to show that [a,b] =1 for any two left 3-Engel elements a and
b such that ged(|al,|b|) = 1. By Corollary 2.2, K = (a,a’) and H = (b,b?) are both
nilpotent. Thus [a,b] =a'a’ = (b~")*bc K N H. Since gcd(|al,|b|) =1 and H and K
are both nilpotent, ged(|H|, |K|) = 1. It follows that [a,b] = 1, as required. [J

Lemma 2.4. Let p be a prime number, G be a group and x € Ly(G). If x?" =1 for
some integer n =2, then x?" € L»(G).

Proof. Let y be an arbitrary element of G. By Corollary 2.2, (x,x”) is nilpotent of
class at most 2. Thus

n—1 n—1

(™) x? ]
[(x*y)p”_z,xpn_]]p = since [x 7, x] € Z({x,x”))
()" x =1,
But [y,x” ,x?"'1=[(x"*)""",x?"']=1. This completes the proof. L[]

Proof of Theorem 1.1. By Lemma 2.4 and Corollary 2.2
P )0 D)0 D D)
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is a series of normal subgroups of G with abelian factors. This implies that K =
(x?)Y is soluble of derived length at most n — 1. By Corollary 2.2, x” and so all its
conjugates in G belong to L3(G) and in particular they are in L3(K). Now a result of
Gruenberg [4, Theorem 7.35] implies that B(K) = K. But K <J G which yields that
x?eK <B(G)<HP(G). O

In the following calculations, one must be careful with notation. As usual u9' 9 is
shorthand notation for u9'u9>. This means that

91 92)+ha) (91492 u(é]ﬁgz)hz,
which does not have to be equal to u9n+42)y9:20n+h) Ve also have that
ul9rte)(=h) — (w9 ugz)fl )h,

which is equal to u~9"~9%_ This does not have to be the same as u~9"=9"
The following remark easily follows from Corollary 2.2. We use in sequel this
remark, sometimes without any reference.

Remark 1. Let G be any group and a € L3(G). Then

2a—1 —a+2

[a,x]" = [a,x] and [ax]"  =[a,x] for all x € G.

Lemma 2.5. Let G be any group and a,b € L3(G). Then
[{a.b), (a,b)] = ([a.b].[a. b]", [a,b]",[a,b]").

Proof. It is enough to show that N=([a, b],[a, b]*,[a, b]",[a,b]*") is a normal subgroup
Of <Cl, b> We haVe

[a,6] = [a,b]* ' €N,
[a’ b]ha = [a’ b]ab[b’a] = [a7 b]1+ab71 GN»

[a’ b]aba _ [a, b]azb[b,a] — [a’ b]1+(lzb—l _ [a’ b]1+(2a—1)b—1 _ [a5 b]1+2ah—b—1 EN.
Thus N¢ < N (I). Also we can write

[a.b)" = [a,b] 7 €N,

[a’ b]ba_] _ [a’ b]a_lb[b,a_]] _ [a’ b]*lH*a_]bfa_] — [a’ b],a,ab+2b+a—| c N,

[a’ b]aba_I _ [a, b]b[b,a_l] _ [a’ b]fa_lﬁ*bfa_l cN.

Therefore N < N (II). It follows from (I) and (II) that N =N¢. Now since [a, b]** =
[a,b] "™ €N we have M = ([b,al,[b,a]’,[b,a]",[b,a]”) is equal to N. Thus by
the symmetry between a and b, we have M = M and so N* = N. Hence N < (a,b).
This completes the proof. [

Lemma 2.6. Let G be any group and a,b € L3(G). Then both of the commutators
[a,b] and [a,b]*® belong to Cs([a,b]",[a,b]’).
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Proof. By Lemma 2.1, {(a,a’) € 4", and (b,b%) € A", so [[a,b],[a,b]] =1 (I) and
[[a,b],[a,b]°] = 1 (II). Tt follows from (I) that [[a,b]’,[a,b]"’] =1 and (II) yields
that [[a,b]%,[a,b]?"] = 1 (IIl). But [a,5] = [a,b]'™ " so (I) and (III) imply that
[[a,b]% [a,b]®*] = 1. This completes the proof. [

Proof of Theorem 1.2. We first prove that the derived subgroup of (a,b) is abelian.
Since (a,b)’ is the normal closure of [a,b] in {(a,b), it is enough to show that [a,b] is
in the centre of (a,b)’ and by Lemma 2.6, it suffices to prove that [[a,b],[a,b]"*] = 1.
Let a® = ay, = ay and let ¢ = [a,b]. Then {(a,a1), {(a1,a;) and {(a;,a,) are each
nilpotent of class at most 2, by Lemma 2.1.
Now ¢ =a 'a; and ¢* = al_laz and these commute by Lemma 2.1. But
1=[c’c]= [al_laz,aflal] = [al_laz,al][al_laz,ail]a],
1 =[ay,ar][ar,a]™" [az,a]™",

1 = [az,a1][a1, a]la, az].

Hence [a1,a,a;]=1. Now [ay,a]=[a,b,a]l=[c,a] and a;=ac?[c, b]. Since [c,a] com-
mutes with a and ¢, it follows that [[c,a],[c,b]] = 1. Now It follows from
Lemma 2.6 that [c,c?] = 1. Now by Remark 1 we have ¢ = c =22 It follows that
[c®,c]=[c%c? ']=1.

Thus (a,b) is metabelian. Now for completing the proof, it is enough to show that
[a,b,x1,x2,x3] = 1 (%) for all xj,x5,x3 € {a,b}. Since {(a,b) is metabelian we have
[a,b,x1,%2,%3] = [a, b, X4(1), Xe(2), Xo3y] for all permutations ¢ on the set {1,2,3}. Now
a,be L3(G), it is easy to see that the equality (x) is satisfied by all x;,x,,x3 € {a, b}.
This completes the proof. [

The author could not prove a similar result to Theorem 1.2 for groups generated by
3 left 3-Engel elements. We finish this paper by the following question.

Question. Is there a function f:N — N such that every nilpotent group generated by
d left 3-Engel elements is nilpotent of class at most f(d)?
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